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Abst rac t - - I f  c c_ ~n be a nonempty convex set, then f : C ~ ~ is convex function if and only 
if it is a quasiconvex function on C and there exists some a E (0, 1 ) such that 
f(c~x+(1-c~)y)<af(x)+(1-c~)f(y), Vx,yEC. 
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1. INTRODUCTION 
Convexity plays a central role in mathematical economics, engineering, management science, and 
optimization theory, see [1,2]. Therefore, the research on convexity and generalized convexity is 
one of the most important aspects of mathematical programming. 
A real-valued function f defined on a convex subset C C ~'~ is midconvex if
f is convex if 
f ~x+ly  <- f(x)+~f(y), Vx, y E C. 
f(Ax+(1-A)y)<Af(x)+(1-A)f(y), Vx, yEC,  AE[0,1]. 
f is quasiconvex if 
f(Ax+(1-A)y)<max{f(x),f(y)}, Vx, yEC, A e [0,1]. 
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Midconvexity is frequently referred to as Jensen convexity, following the work of Jensen in 1905 
and 1906. 
There are many papers giving conditions under which midconvex functions are convex func- 
tions. A comprehensive r view on this subject can be found in [3]. Other results on midconvexity 
can be found [1,2]. Recently, Nikodem obtained an interesting result as follows. 
THEOREM 1. (See [4].) Let f be a real-valued function on convex set C C_ ~R n, the domain o f f  
is an open set. Then f is convex function on C if and only if it is quasiconvex function on C and 
( 1 1 )  1 1 
f 7x+~y < f (x )+ f(y),  Vx, yEC.  
2. MAIN  RESULT 
We will extend above Theorem 1. First, we give an interesting property as follows. 
THEOREM 2. Let C C_ ~n be a convex set. If f is a real valued function on C and there exist 
a E (0, 1), such that 
f (ax+(1-a )y )<_af (x )+(1-a ) f (y ) ,  Vx, yEC.  (1) 
Then set g -- {A E [0, 1] I f (Ax + (1 - a)y)) < Af(x) + (1 - A)f(y), Vx, y E C} is dense in [0, 1]. 
PROOF. Suppose that the hypotheses hold and K is not dense in [0, 1]. Hence, there exists a 
A0 E (0, 1) and a neighborhood N(A0) of A0 such that 
N(Ao) N K = O. (2) 
Define 
Then by (2), we have 
Now, since 
We can choose Ul, 
Let 
we have 
A1 = inf{A E K I  A k Ao}, 
A2 = sup{A E KIA < Ao}. 
0~A2<AI<I .  
{a,(1 - a)} E (0,1). 
u2 E K, ul _> A1, u2 _< A2, such that 
max{a, 1 - a}(ul - u2) < A1 - A2. 
= aUl + (1 - a)u2, 
azu l  + (1 - a )zu ,  = z x.  
Hence, from (1) and Ul,U2 E K we obtain 
f (z- X) = f (azul + (1 - a) Zu2) 
<_ a f  (Zu,) + (1 - a) f (zu2) 
< a[u l f (x)  + (1 - ul) f(y)] + (1 - a) [u2f(x) + (1 - u2) f(v)] 
= -~f (x )  + (1 - ~ f(y). 
That is, A E K. If A _> A0, then from (5) we have 
-~ - u2  = a(u l  - u2)  < ;~1 - ;~2, 
and therefore, A < A1. Because A > Ao and A E K, this is a contradiction to (3). 
A _< A0 provides a contradiction to (4). 
proof. 
(3) 
(4) 
(5) 
Similarly, 
Consequently, K is dense in [0, 1], which completes the 
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Let C C__ ~}~n be a convex set. Then f : C , ~ is convex function if and only if it THEOREM 3. 
is a quasiconvex function on C and there exists ~ E (0, 1) such that 
f [~x+(1-c~)y]  <~f(x )+(1-~) f (y ) ,  Vx, yEC.  (6) 
PROOF. We only need prove that  f is convex function on C, now for every x ,y  £ /( .  Let 
z,x = Ax + (1 - /k )y ,g /k  E [0, 1]. 
(I) If f (x)  = f(y).  We will show that  
f (Ax + (1 - k)y) <_ Af(x) + (1 - A)f(y),  V A E [0, 1]. 
By contradiction, suppose that  there exists/3 E (0, 1] such that  
f(z~) = f(/3x + (1 - /3 )y )  >/3 f (x )  + (1 - /3 ) f (y )  = f(x)  = f(y). (7) 
If 0 < c~ </3  < 1. Let u = ( /3 -  c~/1 - c~), we have 
z~ = c~x + (i - ~)z~. 
From (6) and (7), we obtain 
f (zz)  < cef(x) + (1 - a) f (z , )  < f(z~). (8) 
On the other hand, let t = (/3 - u//3), we also have 
zu = ty + (1 - t)z~. 
Hence, from quasiconvexity of f and f (y)  < f(zo), we get 
f(z~) = f (ty + (1 - t)z~) < f(zz) ,  
which contradicts inequality (8). 
If 0 </3  < c~ < 1. Let u = (/3/c~) >/3, we have 
zZ = ay  + (1 - c~)z~. 
From (6) and (7), we obtain 
e [0,11. 
f (zz)  <_ (~f(z~) + (1 - ~)f(y)  < f(z~). 
Let t = (u - /3 /1  - /3 ) ,  we have 
zu =tx+(1- t )z  3. 
From quasiconvexity of f and f (x)  < f(z~),  we get 
f(z~,) = f ( tx  + (1 - t)zz) < f (z~),  
which contradicts inequality (9). 
(II) If f (x)  • f(y). In the case, we will show that  
I (Ax + (1 - A)y) < )~f(x) + (1 - A)f(y),  
Ab absurdo, suppose that  there exists/3 E (0, 1) such that  
f(/3x + (1 - /3 )y )  >/3 f (x )  + (1 - /3 ) f (y ) .  
(9) 
(:o) 
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But  from Theorem 2, we know 
f (Ax + (1 - A)y) _< )~f(x) + (1 - A)f(y), 
where K is defined as in Theorem 2. 
(a) 
VA E K,  
If f (x )  < f(y) .  Then from (10) and density of K on [0,1], there exists u e K,  u </3,  such 
that  
uf (x)  + (1 - u)f(y)  < f(/3x + (1 - fl)y). 
That  is, 
f(Zu) = f (ux  + (1 - u)y) < uf (x)  + (1 - u)f(y)  
< f(/3z + (1 - ~)y) = f (zz) .  (11) 
Let t = (/3 - u/1 - u). I t  is obvious that  0 < t < 1 and we have 
z~ = tx + (1 - t)zu. 
(i) If f (x )  <_ f(zu),  f rom quasiconvexity of f ,  we get 
f(z~) = f ( tx  + (1 - t)z~) <_ f(z~), 
which contradicts  inequal ity (11). 
(ii) I f  f (x )  > f(z~), from quasiconvexity of f ,  we get 
f ( zz )  = f ( tx  + (1 - t)z~) < f (x)  < 3 f (x )  + (1 - 3)f (y)  < f (zz) ,  
which is a contradict ion.  
(b) If f (y)  < f (x) .  Then from (10) and density of g on [0,1], there exists u E K,  u > Z, such 
that  
uf(x)  + (1 - u)f(y)  < f (~x  + (1 - f~)y). 
That  is, 
f (zu) = f (uz  + (1 - u)y) <_ uf (x)  + (1 - u)f(y)  
< f (~x  + (1 -/3)y) = f (zz) .  (12) 
Let t = (u - 3/u).  It is obvious that  0 < t < 1 and we have 
z~ -- ty + (1 - t)zu. 
(i) I f  f (y)  <_ f (zu) ,  f rom quasiconvexity of f ,  we get 
f(z~) = f ( ty  + (1 - t)Zu) < f(zu), 
which contradicts  inequal ity (12). 
(ii) I f  f (y)  > f(z~), from quasiconvexity of f ,  we get 
f(z~) = f ( ty  + (1 - t)Zu) <_ f (y)  < 13f(x) + (1 - /3 ) f (y )  < f(z~), 
which is a contradict ion.  This completes the proof. | 
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